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Three-Dimensional Piezoelectric Boundary Element Method

L. R. Hill* and T. N. Farris'
Purdue University, West Lafayette, Indiana 47907-1282

The boundary element method is applied to problems of three-dimensional linear piezoelectricity. The contin-
uum equations for conservation of linear momentum and charge are combined into one governing equation for
piezoelectricity. A single boundary integral equation is developed from this combined field equation and Green’s
solution for a piezoelectric medium. Green’s function and its derivatives are derived using the radon transform,
and the resulting solution is represented by a line integral that is evaluated numerically using standard Gaussian
quadrature. The boundary integral equation is discretized using eight-node isoparametric quadratic elements, re-
sulting in a matrix system of equations. The solution of the boundary problem for piezoelectric materials consists of
elastic displacements, tractions, electric potentials, and normal charge flux densities. The complete field solutions
can be obtained once all boundary values have been determined. The accuracy of this linear piezoelectric bound-
ary element method is illustrated with two numerical examples. The first involves a unit cube of material with an
applied mechanical load. The second example consists of a spherical hole in an infinite piezoelectric body loaded by
a unit traction on its boundary. Comparisons are made to the analytical solution for the cube and an axisymmetric
finite element solution for the spherical hole. The boundary element method is shown to be an accurate solution
procedure for general three-dimensional linear piezoelectric material problems.

I. Introduction

HE brothersPierre and Jacques Curie discovered piezoelectric-

ity in 1880 during their investigation of crystals. A coupling
occurs between the electrical and mechanical fields in these materi-
als, such that application of an external mechanical loading induces
achangein polarizationproportionalto it. Conversely,applicationof
an electric field produces a proportional material deformation. This
phenomenon was discovered in ceramics in the 1940s, and the sub-
sequent manufactured piezoceramic materials have higher coupling
properties than their naturally occurring predecessors. This strong
piezoelectric effect has made these materials an important part of
the emerging technologies of smart materials and structures. Smart
structures are those that incorporate actuators and sensors that are
integrated into the structure and have structural functionality. The
sensors and actuators are used to influence the structure’s states
and characteristics. For an extensivereview on the applications and
advantages of piezoelectricmaterials and intelligent structures, the
reader is referred to the works of Rogers' and Crawley.?

Analytical solutions to boundary value problems of piezoelec-
tric solids are relatively few in number due to the complexity and
anisotropy of the constitutive relations. One segment of research
concentrates on inclusions and inhomogeneity problems, including
the works of Deeg,’ Sosa,* Pak,” Wang,® Benveniste,” and Chen
and Lin.® Another line of investigation is concerned with disloca-
tion and crack problems, beginning with Parton® and Deeg?® and
continuing more recently with Sosa and Pak,'® Sosa,!! Suo et al.,'?
Park and Sun,'® and Zi-Kun and Shang-Heng."* Much of the re-
search focuses on analytical solutions for two-dimensional prob-
lems, whereas only a very limited amount of work has been per-
formed on three-dimensional ones.

To consider problems of technical interest, numerical methods
must be implemented. Allik and Hughes'? introduced the finite ele-
mentmethod to the solution of piezoelectricvibrationsover 25 years
ago, and the method’s applicationto general problems of piezoelec-
tricity is possible. Although the finite element method is proven for
piezoelectric material analysis, the boundary element method has
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been shown to have some advantages for three-dimensional prob-
lems of flaws and fracture.'®”!° The boundary element method re-
quires only the discretizationof the boundary, resultingin a smaller
system size than for finite elements. The governing equations are
satisfied exactly inside the body, so that relatively coarse meshes
produce accurate solutions. In addition, the boundary and finite el-
ement methods can be combined in a way that takes advantage of
the benefits of each one.

For these reasons, the boundary element method was selected as
a means to analyze piezoelectricmaterials. The pioneering work on
boundary elements was performed by Rizzo,?’ Rizzo and Shippy,?!
and Cruse?? over 20 years ago. Since that time, the method has been
applied to many types of problems, including contact mechanics,
fracture, voids, and inclusions. Chen and Lin?? recently developed
four-node quadrilateral boundary elements to solve problems of
three-dimensionalpiezoelectricsolids. Liu and Farris** showed that
eight-nodequadratic boundary elements were efficient tools for an-
alyzing three-dimensionalfracture of isotropicsolids. Thus, this pa-
per presents an eight-node piezoelectric boundary element method
and illustrates its capabilities with examples.

II. Piezoelectricity Equations

The linear governing equations and constitutive relations for a
piezoelectric material in static equilibrium can be expressed as two
separate equations, one representing conservation of momentum
and the other conservation of electric charge.> More information
on the piezoelectric standard can be found in Ref. 26. To use these
two equationsin conjunction with the developed boundary element
method, they are combined into one. Barnett and Lothe?’ developed
this condensed notation, and Deeg? used it in his investigation of
piezoelectric dislocations. In these equations, lowercase indices i
can have values of 1, 2, or 3, and uppercase indices / can take on
values of 1, 2, 3, and 4. The modified governing equation for the
piezoelectric material in static equilibrium can be written as®

Zi!.i +bJ =0 (D

where %;; is the stress-electric displacement matrix, defined as

{0,-,» for J=1273
Zi=1n

2
D, J=4 &
and b; is the body load (force and charge) column vector. It is noted
that J/ = j for J =1, 2, or 3. The repeated indices indicate summa-
tion in the standard Einstein convention, and the commas indicate
differentiation. The combined constitutive relation is written as

Yy =EyykiZi

for

3
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where E;; g, is the electroelastic constant matrix

Cijki for J. K = 1. 2. 3
€ for J=1273 K =4
Eijxi = W @
Cinl for J =4, K=1,273
—& for JJK=4
and the strain-electric field matrix Zg,; takes the form
S fi K=1273
Zy = { o )
oy for K =4

In addition, Uk is the elastic displacement-electricpotential matrix

Uy for K=123
Ug = 6
K {¢ for K=4 ©)

It is of interest to note the symmetries of the elastic, piezoelectric,
dielectric, and electroelastic matrices; these can be expressed as,
respectively,

Cij = €iji

Cijki = Cjiri = Cjitk = Cilija

(7

Eil = & Eisxi = Eikyi

The elastic constants are measured at constantelectric potential, the
piezoelectricconstantsare measured either at constantdisplacement
or constant electric potential, and the dielectric constants are mea-
sured at constant displacement. In the most general case of an arbi-
trarily anisotropic (triclinic) material without a center of symmetry,
a total of 45 independent material properties are possible, with 21,
18, and 6 values of elastic, piezoelectric, and dielectric constants,
respectively. The boundary element method presented in this paper
allows for this general case. The examples investigated, however,
use the material properties for a typical piezoceramic, which has the
symmetry conditions of a hexagonal crystal in class Cq, = 6 mm
(Ref.25). The total number of independentmaterial propertiesin this
case is 10 because these piezoceramics are elastically transversely
isotropic.

The piezoelectric variables =, ,, b;, Zg,;, Ug, and E; ;x, are nei-
ther tensors nor vectors. They do not obey the appropriate trans-
formation relations in the combined form. To transform from one
coordinate system to another, the original field variables, material
property matrices, and constitutiverelations must be used. Recom-
bination of the variables can occur after the coordinate transformis
applied.

III. Boundary Integral Equation

The boundary integral equation is the basis for the numerical im-
plementationof the boundary element method. The developmentof
the boundary integral equation for piezoelectric materials follows
a sequence of steps similar to other problem types. This bound-
ary integral equation development is well documented and can be
found in many references.!”?*3° A brief overview of the boundary
conditions and necessary equations is presented here.

The piezoelectricboundary integral formulation begins with the
static equilibriumequationin three-dimensionalspace,as combined
from Egs. (1) and (3):

(EijkiZk),i +b;, =0 in Q (8)

where €2 is the domain in which the equation holds.

Equation (8) must be solved in reference to boundary conditions.
Both mechanical and electrical boundary conditions must be ap-
plied for a well-posed piezoelectric boundary value problem. The
boundary conditions consist of three types: essential, natural, and
mixed. The essential condition is expressed by the displacements
and electric potential as

on r« (9a)

p=¢ on I? (9b)

where it; and ¢ are the known displacementsand electric potentials
on the boundaries I'"* and I'?, respectively. The natural condition

consists of the tractions and normal charge flux densities written
as

=1t on I (10a)
q=q on r (10b)

wheref; = o;n; andg = D;n; are the known tractions and normal
charge flux densitieson the boundaries I'" and I'?, respectively. The
mixed condition is a combination of displacements and tractions
for mechanical conditions or electric potentials and normal charge
flux densities for the electrical conditions, as applied to boundaries
[Mmeen gnd ["Metee | respectively.

For a well-posed boundary value problem, the summation of the
boundary segments that have a known boundary condition applied
to them must equal the total boundary surrounding the domain of
interest, £2. In particular, this equality must hold for both the me-
chanical and electrical boundary conditions, respectively, as

[ =" 4T 4 [Mneen (1
r=r1°¢ 4+ 7 4 [ Melee (12)

The piezoelectric boundary integral equation for interior points
is defined as

Uy(p) + / T7 (p, QU,(Q)dl’ = / U (p, Q)b,(Q) A2
T Q

+/U,*,(p. OT1,(Q)dl’ (13)
r

where p is the source pointin the domain €2 and Q is the observation
point on the boundary I'. The terms U, and T, are the boundary
values of elastic displacement/lectric potential and traction/normal
charge flux density, respectively. The terms U}, and T/, are the
influence matrices of the system and are related to Green’s function
as follows:

Uf,x—x)=G(x —x) (14)
* 7 G (x—x/)
T[J(x—x):EkJMnMITnk (15)

where x is the observation point, x” is the source point, and 7
is the kth component of the outward unit normal to the surface.
Equation (13) is the piezoelectric form of the Somigliana identity
and is used to find displacements and electric potentials interior to
the boundary once the boundary values U; and T, are determined.
Using this equation in combination with the constitutive relation,
Eq. (3), gives the formulation for the interior stresses and electric
displacements.

The source point p is taken to the boundary I" and representedby
P. With both the source and observationpoints on the boundary, the
first integral on the left side of Eq. (13) is singular due to the nature
of the fundamental solution. This behavior can be represented by a
matrix that is defined by the limit of the singular integral

C,(P)=8,,+ 1111%/ T/, (P, Q)dl (16)
€—> T,

where I'c representsa part of a spherical surface of radius ¢ centered
attheload point P onthesurface. The remainingintegralsin Eq. (13)
are determined in the Cauchy principal value sense. Combining
this result with Eq. (13) gives the boundary integral equation for
piezoelectricity:

CIJUJ(P) +/;T1*j(PI Q)UJ(Q)dF

=/U,*,<P. Q)b,<Q>dsz+/U,*,<P. OT,(Q)dr (17)
Q T

The term C;; isnot evaluated directly butrather is determined using
global equilibrium. In addition, the three integrals in Eq. (17) have
singularities of the order r=2, r~!, and r~!, respectively. Careful
evaluation of these integrals is required as r, the distance between
the source and observation points, goes to zero. The numerical dis-
cretization of the boundary integral equationis called the boundary
element method.
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A. Piezoelectric Green’s Solution

Green’s function for an anisotropic piezoelectric body was de-
rived by Deeg® using the radon transform.?! This solution is written
in general form in terms of a surface integral as

Gurlx —x') =

/ @3AG-TASE) (18
lzl=1

8n2r

where x’ is the source point, x is the observation point, and r =
|x — x’| is the distance between the two locations. The function
(z2) sy is defined as

@Dim = G Eiypnzn (19

Now consider a coordinate system defined by three mutually or-
thogonal vectors 7 —m — n. Figure 1 depicts this coordinate system
in reference to the source and observationpoints. The spherical an-
gles are defined over the ranges 0 < 8 < w and 0 < ¢ < 2m.
Define a unit vector z* such that

7 =z[0 = (7/2), V] (20)

This vector z* lies in the m — nr plane and represents all vectors z
that are perpendicularto 7, such that z* - 7 = 0. Equation (18) can
then be written in the final simplified form

27

(T2 do @n

Gur(rm) = 872r J,
where z* is defined in Eq. (20) and @ is the integrationangle, pictured
in Fig. 1, with the vector m along the line @ = 0. This function can
be completely evaluated once a source point, x’, and an observation
point, x, are specified. For each set of points, the values of 7 and
are uniquely determined.

A closer look at Eq. (21) reveals two components of Green’s
function. The first, represented by 1/r, is dependent only on the
distance between the source and observation points and is singular
in nature. The second,

1 o * _xN—1
P (T2 p do

isdependenton the material propertiesand the orientationof 7. This
line integral contains no singularities and can therefore be evaluated
using 20-point standard Gaussian quadrature. A similar conclusion
was made by Chen and Lin.® The mechanical and electrical behav-
ior of the material can be decoupled by setting the piezoelectric
material properties to zero. The mechanical portion of the electro-
elastic Green’s function compares with the closed-form isotropic
one for the same elastic material properties. This property was ver-
ified numerically.

Two partial derivatives of G zx(r7) are needed for the bound-
ary element method. The first derivative is used in the boundary
integral equation itself, whereas the second derivative is required to

unit circle

X P = source point
P Q = observation point
— A
X, PQ =rT
A
X, 7%eT=0

Fig.1 Variable definition for the derivation of Green’s function.

determine the interior field stresses and electric displacements. The
reader is referred to Ref. 3 for a more complete derivation of the
derivatives.
The general form of multiple derivatives of Green’s function can
be written as
0x;0x,+ ++ OX,
_ 1
B e A

(x—x

% {2122 2,23} 8 @ TS @)
lzl=1

(22)
Equation (22) reduces to the following line integral when z = z*:
G
— MR (x—x)
0x,0xy+++ 0X,
="

27 " .
= T —TE /0 3G Ty {zlzz---zn(zz)MR} *dw

z=1 23
in which an apparent typographical error in Ref. 3 has been cor-
rected. Specifically, the first derivative can be expressed as

BGMR —1 o * _ky—1 * ok
ox. (rT):W i [t @k — 2 Fhe]do (24

where the function F};  is defined as
Frp = @250 @ [@G)on + o] 25
The second derivativeis written as

G Y
YR 1) = S 2r3 / {265,k
h 0

0x;0x;
— 225N VN G sy — 2(mzt + 27T Frg
+ 53 [Fys @ ey + Fay @20 ][(52)sw
+ @ Dy]}do 26)

where (tz*), (z*7), and (r7) are determined using Eq. (19), replac-
ing the appropriate z.

The derivatives of G, also consist of a singular part dependent
only on the distance between x” and x and a nonsingular part that is
orientation dependent. Therefore, the nonsingularline integral here
can also be accurately evaluated with Gaussian quadrature, with 20
points providing convergence.

B. Internal Stresses and Electric Displacements

Equation (13) is used in its current form to determine the elastic
displacements and electric potentials interior to the boundary once
the boundary solutionhas been completely determined. The internal
strains and electric fields are also of interest and are determined by
differentiating Eq. (13):

_ 113U (p, @) | 3U;,(p, Q)
Zu(p) = ‘/1: {2|: ox, + ox, i|} Ty(Q)dI’

_/{1[6T:M(p. 0, T3, Q)}}UM(Q)dF o
T

2 dx; dxy
U’ ,
Zur) = | [—WB(’” Q)}TM(Q) ar
r X
— / [M} Uy (Q)dl’ (28)
r ax;

The stresses and electric displacements are determined by combin-
ing Eq. (27) with the constitutiverelation, Eq. (3), to get

%, (p) = / Dy, (p, DTy (Q)dl — / Suis(p, QU (Q)dD
r r
(29)
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The terms D,;; ; and Sy, ; are writtenin terms of the Green’s function
derivatives, Egs. (24) and (26), as

1/0G G G
Dyiy = —Eimu= L L) — Eipy—= (30a)
2\ Ox; dxy

1 1/ 3G, 3Gy,
S iJ = —E,‘ - E,- - P + — r
it MY {[ Mpa% (E)x,axq ax0x, )"

v s N g 1(08G, . G,
- —_—n, - - — n
™M ax, Mrag\axdx, | dxdx, )

v g 9Gu e (g 1{3Gu
r o — L r P B
M4 9 x, 0x, AL axgax,

G oG
g4 44
r + Epppag——n, 30b
9x;0x )n Maa ax;9x, " i| (300)

Note that the minussignsin Eqs. (30a) and (30b) come fromdifferen-
tiation with respect to the source point x’ rather than the observation
pointx.

The terms Sy;; and Dy, in Eq. (29) are calculated for the se-
lected source point interior to the body. Because this point is not
on the boundary, the integrals in D,;; and Sy;; are not singular
and standard Gaussian quadrature is used to evaluate the surface
integrals.

C. Complete Boundary Field Solutions

To calculatethe tangentialstrains, an orthogonalaxis systemis de-
fined in an element. The vectorstangentialto the intrinsiccoordinate
systemin the element are not necessarily orthogonalbut can be used
to define the necessary coordinate system. See Ref. 29 for a more
detailed derivation. The coordinate transform ;; = €] - €; between
the local (€’) and the global (€) systems can then be determined.

The boundary tractions, displacements, electric potentials, and
normal charge flux densities are tensors when not written in the
combined piezoelectricform. Therefore, they can be transformed to
the local coordinate system as

f=on, =Bt Q'=Din; =0
(31

u; = fiju;, ¢ =9

The local strains and electric fields can be determined from the
local displacements and electric potentials as

1/0u’ ou’
Sl == 1 ; 32
Ly 2<axll + ax/]> ( a)
a 7
g =-22 (32b)
ax;

Specifically, the boundary solution provides the local stresses
05, 035, and 0y, and the local electric displacement D, directly. The
local strains S7;, Sj,, and S5, and the local electric fields E] and
E] can also be calculated from the known boundary solution. These
combine to provide nine knowns in the local coordinate system.

The uncombined constitutive relations? can be written in the
local element coordinate system and together relate the six stresses
and three electric displacements to the six strains and three electric
fields. Using these nine equations and nine known local knowns,
the remaining unknown local stresses and electric displacements
are determined. The local values of the stresses, strains, electric
displacements, and electric fields can be transformed back to the
global coordinate system using the following relations:

0ij = BiByioy, (332)
Sij = BpiBai Sy, (33b)
D; = B;: D; (33¢)
E; = BiE] (33d)

IV. Boundary Element Method
A. Equation Assembly
The general piezoelectricboundaryintegralequation(17) without
the body force term takes the form

CuUJ(P)+/T,*,(P. Q)UJ(Q)dFZ/U,*,(P. OT,(Q)dr
r r
(34

In general, the surface integrals in Eq. (34) cannot be evaluated di-
rectly and therefore must be approximated numerically. The bound-
ary element method discretizes the surface of the domain £2 into a
finite number of elements. Over each element, the variation of the
geometry and the variables must be described. This boundary dis-
cretizationis the only approximationused, as the domain is modeled
exactly.

The piezoelectric boundary element program developed herein
uses eight-node isoparametric quadratic elements. Experience of
both finite and boundary element researchers indicates that this
element often is the best compromise between accuracy and
efficiency.® For this selected element, the geometry and bound-
ary variables are related to the eight nodal quantities by quadratic
shape functions as follows:

8
fr =Y Ne(& &x; (35)

e=1

where f representseither a directional component x for/ = 1,2, 3
or a boundary value U or T for I = 1, 2, 3,4 and c indicates the
value at the corresponding nodal point. Let the boundary be dis-
cretizedinto N elements. Substitution for the displacement-voltage
U, and the traction-normalcharge flux 7, using Eq. (35) in Eq. (36)
yields the discretized boundary element system of equations:

N 8
Cry(PYUL(PY+ Y " A1(P, QOU,(Q)

n=1c=1

N
=D BS(P, QT (Q) (36)

n=1lc=1

where A5 and B} are related to Green’s function as

1 pt
A =/ / T (P, QN(§, 6™ (&), &) d& d&,  (37a)
—-1J-1

1 pt
Ly =/ / Uy (P QN (61, &)™ (&, &) dE d&  (37b)
—1J-1

The term J"“(&,, &) is the Jacobian of isoparametrictransformation
from the surface I" to the intrinsic coordinates &, and &, and can be
calculated from the determinant of the matrix

€ & 2
Ox (€1, &) (61, 8)  9x(é1,6)
J &8 = 9§ 9§, 9§, (38
L3X1(§1. &) 066 9xsy, gz)J
98, 98, 98,

where ¢; are the unit base vectors for the global Cartesian system.
The Jacobianis equal to the magnitude of the normal vector at each
location on the surface, such that components of the normal can be
determined from the Jacobian equation.

Taking eachnode of a modeled problemin turn as the source point
P and performing the kernel integrationsfor each observationpoint
Q, asystem of linear algebraic equationsis formed and is written as

[A][U] = [B][T] (39

where [A] and [ B] are formed from the 4 x 4 submatricesdefined in
Eqgs. (37a) and (37b) and the diagonal portion of [A] (when P = Q)
is the summation of C;; and A;;.

The unknownboundary valuesin Eq. (36) are the nodal quantities
U7¢ and T7¢, which are independent of the surface integrals. The
integrandsin Eq. (36) are combinationsof known singular functions.
This singularity occurs as the distance between the source point and
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the observationpoint goes to zero in the fundamental solution. Three
possibilitiesexist for the relativelocationsof sourceand observation
points: P and Q are not on the same element, P and Q are on the
same elementbut not equal, and P and Q are the same point. For the
case where P and Q are on different elements, standard Gaussian
quadrature provides accurate integration. In the second case, i.e., P
and Q are on the same element, a linear mapping of the quadrilateral
element to triangular elements®*3 is used to create more Gaussian
points near the singular point. This integration scheme has been
used to accurately and efficiently handle the singularity**~3¢ When
P and Q are collocated, the triangular mapping is used to calculate
B}, whereas global equilibriumis used to determine A’S. Becker?
discusses the handling of these three cases in more detail.

Once the system influence matrices have been assembled, appli-
cation of the known mechanical and electrical boundary conditions
to the system of equations in Eq. (39) results in an equation of
the form [D]{X}={F}. A standard matrix solver is applied to this
equation and the unknown boundary values determined.

B. Computer Implementation

The piezoelectricboundary element method program (PBEMP) is
the numerical implementationof Eq. (36). After the input of the ma-
terial properties, boundary element mesh, and boundary conditions
(both mechanicaland electrical), the influence matrices A and B are
assembled. Each node in turn is taken to be the source point P. The
observationpoint Q isassignedby loopingover all of the elementsin
order, using each of the local nodes of the element as this point. For
each combinationof P and Q forthe problem,the 4 x4 matrices A;;
and By, are determined and subsequently placed in the global sys-
tem matrices. The surfaceintegralsare evaluatedusing eightby eight
Gaussian points for both the off- and on-element area integrations.
The term [A] is assembled as a nodal matrix of size4 N X 4N, and
[B]is assembled as an element matrix of size4 N x4 (8 x M), where
N and M are the total number of nodes and elements, respectively.
This effectivelyensures that the displacementsand voltagesare con-
tinuous at the element junctionsbut also allows for the tractions and
normal charge flux densities to be different on each element face.

The applicationof the known boundary conditions will transform
the system of equationsinto the form of [D]{X} = {F}. In applying
the known boundary values to the system, each element is consid-
ered in turn for mechanical and then electrical boundary conditions.
The columns of A and B are arranged such that all of the unknown
boundary values are located in the column {X}, and the matrix [D]
is composed of a combinationof columns of the influence matrices.
The components of the system of equations [ D], {X}, and { F} have
the dimensions of 4N x 4N, 4N, and 4N, respectively. The solu-
tion of this system of equations is determined using a lower-upper
decompositionroutine.’’

Once the complete boundary solution has been determined, the
displacements, electric potentials, stresses, and electric displace-
ments for points interior to the boundary can be calculated. Using
the internal point of interest as the source point p, the matrices [A]
and [ B] are assembled as described previously. Substitutionof these
matrices and the known boundary values {U} and {T'} into Eq. (13)
providesthe solution for displacementand electric potential. A sim-
ilar procedureis used with Eq. (29) to find internal stressesand elec-
tric displacements. The surface integrals that apppear in Egs. (30a)
and (30b) require 12x 12 Gaussian points for accurate evaluation.

PBEMP is currently run on an IBM-compatible personal com-
puter with a 90-MHz Pentium™ processor and 32 MB of RAM.
Computation time for the 6-element, 20-node example, to be dis-
cussed in the following section, is approximately 2 min. Most of
the time is taken to determine the influence matrices, which are
functions of the numerically determined fundamental solution. As a
comparison, the same problem run with a closed-form fundamental
solution would take on the order of tens of seconds to complete on
a similar machine.

V. Numerical Examples
A Unit Cube Under Mechanical Loading
This first example is used to verify the boundary element method
program for the elastic behavior and the direct piezoelectric effect.

A cube of piezoelectricmaterial of dimensions L x L x L m? is sub-
jected to a uniform displacement, # without shear traction, on one
side in the x direction, while three sides are attached to rollers. The
cube is placed under a zero electric field in the z direction, while the
x and y faceshave zero normal charge flux density. Figure 2a depicts
the geometry and the boundaryconditionsfor this case. The material
properties for these examples are those for PZT-4, a manufactured
piezoceramic, and can be found in Table 1. These properties hold
within a range of electric field and strains, which can be obtained
from the piezoceramic manufacturer. A reported electric field range
forPZT-4is—5 < E < 20kV/cm, with nonlinearbehavior, such as
depoling, occurring outside these limits. This problem is modeled
using 6 elements and 20 nodes, with each face comprising 1 ele-
ment. Figure 2b depicts the mesh geometry, with element and node
numbers, for this case.

The analytical solution for this problemis readily obtained due to
the decoupled nature of the problem. Setting the applied displace-
ment # equal to 1 mm and the side length of the cube L to 1 m, the
values of the stresses, strains, and electric displacements are

o, = 80.85MPa, D, = —1.092 x 1072 C/m?

S =1.0x 1072, S, =—=3211x 107"

S.. = —4.464 x 107*

All other stresses, strains, and electric displacements are zero.

The results from PBEMP are compared with the analytical so-
lution for both locations on the boundary and points interior to
the body. Table 2 contains the boundary tractions and normal charge
flux densities for each face of the cube. For each element, a value
representative of all eight nodes is presented because each node
per element has the same solution in this example. The nodal dis-
placements are found in Table 3. The axial tractions and the electric

Table1l Material properties for the piezoelectric materials
used in the numerical examples

PZT-4 PZT-6B

Elastic properties, x 10'° N/m? ciy 13.9 16.8
ci2 7.78 6.0
c13 7.43 6.0

€33 11.3 16.3
Ca4 2.56 2.71
ez —6.98 -0.9
e33  13.84 7.1
e;s 1344 4.6
&1 6.00 3.6
£33 5.47 3.4

Piezoelectric properties, C/m?

Dielectric properties, x 107 C/V-m

Table 2 Boundary tractions and normal
charge flux densities for the cube under
axial mechanical loading

Element t,, MPa q, C/m?

1 —80.85 0.0

2 0.0 0.0

3 0.0 —1.092 x 1072
4 0.0 0.0

5 0.0 1.092 x 1072
6 80.85 0.0

Table 3 Nodal displacements of the piezoelectric cube
under uniaxial mechanical loading

Node x,m y,m z,m u,, mm iy, mm U, mm
1 0.0 0.0 0.0 0.0 0.0 0.0
2 0.0 0.0 0.5 0.0 0.0 —0.2232
3 0.0 0.0 1.0 0.0 0.0 —0.4464
7 0.0 1.0 0.0 0.0 —0.3211 0.0
8 0.0 0.5 0.0 0.0 —0.1606 0.0
9 0.5 0.0 0.0 0.5000 0.0 0.0
13 1.0 0.0 0.0 1.0 0.0 0.0
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Table4 Internal displacements, stresses, and electric displacements of the piezoelectric cube
under uniaxial mechanical loading

X, m y, m Z, m Uy, mm iy, mm u;, mm oy, MPa D,, C/m?
0.25 0.50 0.50 0.2506 —0.1607 —0.2237 80.81 —1.091 x 1072
0.75 0.50 0.50 0.7444 —0.1607 —0.2237 80.85 —1.092 x 1072
0.50 0.25 0.50 0.5002 —0.0803 —0.2237 80.47 —1.081 x 1072
0.50 0.75 0.50 0.5004 —0.2392 —0.2237 80.77 —1.094 x 1072
0.50 0.50 0.25 0.5002 —0.1607 —0.1118 80.81 —1.091 x 1072
0.50 0.50 0.75 0.5001 —0.1606 —0.3347 80.85 —1.092 x 1072
Y Y
Rollers
R 7 12 19
L ! 6.
. > ' 2
, ; Q 18
: > < g
N - > u, =1y b Se 5 17 20
M ! , N
(A S W R
L 9
1 e @ 14
Mo -
. 3L
T 10 15 1.. 20 =node numbers
L 4 OV
a) *z b) ‘\D-\ﬁ) = element numbers

Fig. 2 Cube subjected to a uniaxial mechanical loading condition: a) geometry and applied boundary conditions and b) boundary element mesh,
including node and element numbers.

or
-1 E.
e f
2 2
x r
—_ B
¥ Z 3f
- [
1S [
— -4}
a 5 PBEMP x-axis
~ [ FEM x-axis
a) b) 5 5 a4 PBEMP z-axis
. . . . . . FEM z-axis
Fig. 3 Hole in the infinite solid: a) geometry and applied boundary 5
conditions and b) boundary element mesh, with identifying node num- .. T T
bers. 1 1.5 2 2.5 3

displacements are nearly exact when compared with the analyti-
cal solution. Solutions interior to the boundary were determined,
and Table 4 gives these displacements, stresses, and electric dis-
placements. The electric potential for this exampleis zero and is not
presented. Convergencehas been illustrated by solving this problem
using 24 total elements, 4 per side of the cube. The same geometry
is used with an electrical boundary condition of a constant electric
field in the z direction, and similar accuracy is obtained.

B. Spherical Cavity

To further demonstrate the validity of the boundary element
method, the more complicated example of a unit spherical cavity
inside an infinite body is considered. The boundary of the hole is
subjected to a uniform unit internal tension p and a zero normal
charge flux density. Figure 3a depicts the geometry and loading
conditions. This is a simple problem to model with boundary ele-
ments, as the hole itself is the only boundary. A total of 40 elements
and 122 nodes were used in the modeling of this spherical surface,
as shown in Fig. 3b.

Because the mechanical and electrical parts of the piezoelectric
Green’s function can be decoupled and the exact solution for this
problem exists,*® PBEMP is first applied to the spherical void ex-
ample using isotropic material properties. The numerical results of
PBEMP are compared with the analytical solution, and the error in

r/R

Fig.4 Radial displacement u, along the x and z axes.

the radial displacementon the hole boundary is less than 1% for this
mesh. Stresses and displacements for points interior to the body are
also in good agreement with the exact solution.

The case of a piezoelectric medium is now considered. The ma-
terial properties for this example are for another member of the
PZT family of piezoceramics, PZT-6B. The values of these material
properties are found in Table 1. The finite element method is used
to determine a comparison solution. The commercial finite element
package ABAQUS was used to generate an axisymmetric model of
this problem, consisting of 1800 elements. The outer radius used to
simulate the infinite space was 10 times the hole radius R. Figure 4
shows the comparison of the boundary element and finite element
solutions for the radial displacements along both the x axis and the
z axis. Figure 5 presents the stresses o,,, 0g9, and gg along the x
axis, and Fig. 6 depictsthe electric field along the z axis. The bound-
ary element solutions are in good agreement with the finite element
results for both points on and interior to the boundary. It is noted
that the boundary element model is fully three dimensional, allow-
ing the application of arbitrary loads. The new finite element mesh
would require accurate meshing of the complete three-dimensional
domain.
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Fig.5 Stresses 0., 0gg, and 044 along the x axis.

-0.005

-0.01
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Fig. 6 Electric field E; along the z axis.

VI. Conclusion

A three-dimensional linear piezoelectric boundary element pro-
gram has been written and verified. The program can be used to
accurately model localized fields resulting from holes and notches
in smart structures. Future work includescalculationof strainenergy
release rates for cracks in piezoelectric media.
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